MAS212 Linear Algebra I Exercises S (with solutions)

© Francis J. Wright, 2006

Assessed submission deadline Spm on Friday 3rd November 2006 in the blue box on the ground
floor.

Y our submission must have your FULL NAME and STUDENT NUMBER PRINTED CLEARLY at
the top and separate sheets must be stapled together.

Marks out of 100 are shown in square brackets after each question number.

1. [20] Prove that each of the following maps either is or is not linear:

@ oa:B - R o(x,yz)=x—y+z

(b) a: B - 3, 0(x,y,z) =(x,x+y,x+y+2z);

) a:R - Rox,y)=x+y+1;

do:R—> R Oc(xl, ...,xn) =X, X, Xy -+~ x, for integer n > 1.

V Sotution

(a) is linear because V (x, y, z), (x', 1", 2') € 2,

a((xy,z) + (x,y,z"))=o(x+x,y+y,z+z')=x+x"-y-y'+z+z'=(x—y +2)
+ (x'=y'+z")=a(x, y,z) +o(x', ), z')

andV (x,y,z) E Bk ER,

alk(x,y,z))=0lkx ky kz)=kx—ky+kz=k (x—y+z)=kal(x,y,z).

(b) is linear because V (x, y, z), (x', ", 2') € 3,

a((x,y,z) +(x,y,z2"))=ax+x,y+y,z+z)=(x+x, x+x'+y+y . x+x'+y+y'+z
+z')=xx+y,x+y+z)
+ (x, x'"+y, x'+y'+z') =a(x,p,z) +olx', ',z

andandV (x,y,z) € B,k € R,

alk(x,y,z))=0lkx ky kz)=(kx,kx+ky, kx+ky+kz)=k (x,x+y,x+y+z)
=ko(x,p,z).

(c) is nonlinear because o.(0, 0) =1 # 0.

(d) is nonlinear because
v (xl, ...,xn) e ke kR, Oc(k (xl, vy X )) =0c(kx1, ...,kxn) =kx kx,kxy---kx,=

s Ay

K Oc(xl, oo xn) *k oc(xl, oo xn) ifn > 1. (Or choose a more specific counterexample.)



2. [40] Find basis sets for the kernel and image of each of the following linear maps; hence write
down the nullity and rank of each map and show that the dimension theorem for linear maps is
satisfied. [You are not required to proved any claims about basis sets. |

(a) oo: B — K2, 0U(xp, Xp, X3 ) = (X)X + x5, O);

(b) oo: 2 — K2, o 0y, Xy ) = (X1, X783

) o: R — R, Oc(xl, ey n) =x; +x,;

(d o: B3 — K3, Oc(xl, xz,x3) = (2 X, X, + x5, x,-3x, +4 x5, x; + 18 x,—-17 x3).
YV Sotution

(a) ker( o) is defined by Oc(xl, X5, x3) (xl =Xy + X3, 0) =(0,0) = x; =—x1 +x,,

) i
henceker(oc) {(xl,xz,—x1 +2) | %% € B} = {x; (1,0,-1) +x, (0,1,1)]x, x, € R} =
(( 1), (0,1, 1))and {(1,0,-1), (0, 1, 1) } is clearly linearly independent and so is a basis.
= {(x =%+ x5, 0) [x, 00,53 ER} = {(x,0) [x ER} =((1,0))so0 {(1,0) }is clearly a

bas1s
Hence nullity=2 and rank= 1. The domain is 3, so dim (domain) =3 =2 + 1 and the dimension
theorem is satisfied.

(b) ker(o) is defined by 0(x}, Xy) = (%}, ¥, =X, ) = (0, 0), hence ker(a) ={(0,0)}=((0,0)) but

the basis is the empty set { } since there are no linearly independent vectors in this (trivial) zero
vector subspace.

im(a) = {(xl,xl—xz) |xpx, €ER}={x; (1,1) +x, (0,-1) [x, x, € R} =((1,1), (0,-1))

and { (1,1), (0,-1) } is clearly linearly independent and so is a basis.
Hence nullity =0 and rank=2. The domain is 2, so dim (domain) =2 =0 4+ 2 and the dimension
theorem is satisfied.

(c) ker(o) is defined by (X}, oy X, ) =X Fx, =0, hence ker( o) = {(Xp X oo X,y ) |
Xppoonx,_ €RY=((1,0,0,...-1), (0,1,0,...,0), ..., (0,0,0, ..., 1,0)) so
{(L,0,0,...,-1), (0, 1,0, ...,0), ..., (0,0,0, ..., 1,0) } is clearly a basis.

The image is{ (x1 +xn) |x1, x, € R}Z{ (x) |x e R}Z(( 1))and{(1)}is clearly a basis for
im(o) =R. [The vector (x) € R!' may also be written as simply x € R.]

Hence nullity=n—1 and rank=1. The domain is K", so dim (domain) =n=(n—-1)+1 and the
dimension theorem is satisfied.

(d) ker(o) is defined by ou(xp, x5, x3) = (2] 3, + x5 X, =32, + 423, %) + 183,17 x3) = (
0, 0, 0), which (by solving the equations) gives ker( o) = { (x, =, =) |x€R } =((1,-1,-1)).
im(oc) :{ (2 X, +x, F x5, x,=3x, 4 x5, x, +18x,-17 x3) Xy, Xy € R}Z{xl(Z, 1,1)

+x, (1, =3, 18) +x5(1,4, —17) |xl, Xy, Xy € R}=<(2, 1,1), (1, =3,18), (1,4 ,-17)).
vectors are clearly not linearly independent, since the first minus the second gives the third, so
take the first two as a basis for the image, namely {(2, 1, 1), (1, =3, 18)}.
Hence nullity=1 and rank=2. The domain is I3, so dim (domain) =3 =1 + 2 and the dimension
theorem is satisfied.




3. [20] (a) Prove that the set C of complex numbers of the form x + i y, where x, y € R, with the
usual rules for complex number addition and multiplication, is a vector space over the field of real
numbers K. [You may use the fact that Cis a field to shorten the proof considerably.] Write down a
basis for this vector space and hence state its dimension.

(b) Let M2 ,([R) be the vector space of 2 x 2 matrices over [, with the usual rules for matrix addition

and scalar multiplication, and let C be the vector space of complex numbers over R. Show that the
Xy
~y —x

mapa: C — ]\/12 ,([R) defined by ol(x +iy) = is linear.

YV Sotution

(a) The complex numbers are a field so they satisfy the additive axioms for a vector space (which
are the axioms of an additive group). A real number is a special case of a complex number and
the complex numbers are a field, so they satisfy the scalar multiplication axioms for a vector
space over the real field. (In fact, any field is trivially a vector space over itself.) The obvious
basisis {1 +i0,0 +i 1}, which is usually written more succinctly as {1, i}, so the dimension of
C as a vector space over K is 2.

(0) ¥ (x; +iyy), (5 +iy,) € Coof (¥ +iy) + (x,+ipy))=
x;+x, Y+,

o((rtm) HOE) = L |

XN Xy N
+ =o(x, +iy,) +o(x,+iy,),
S - (1 Fin) To(xn+in)
kx ky Xy
Vxt+iy) eCkeR alk(x+iy))= = =ko(x+iy).
~ky —kx > X

4. [20] The mapsc.: R® — R3and B: K? — [Bare defined by al(x, y, z) = (z, y, x) and
Bx,y,z)=(y+zz+x,x+y).
(a) Write down the map 2 o, + B and the values of a(1,2,3),B(1,2,3) and (a—B)(1, 2, 3).
(b) Calculate the values of the compositions (B a)(1,2,3)and (aB)(1,2,3).
V Sotution
@ (20+P)(x,p2) =20a(x,y2) +B(xy,2)
2z, x) + (y+zz+x,x+y)=(y+3z x+2y+z 3x+y),

a(1,2,3) = (3,2, 1),[3(1 2,3)=(2+43,3+1,1+2)=G,4,3),
(0—B)(1,2,3)=a(1,2,3)-B(1,2,3)= (3,2, 1) —(5,4,3) = (2,2,2).

) (Ba)(1,2,3)=p(3,2,1)=(2+1,1+3,34+2)=(3,4,5),and
(aPB)(1,2,3)=0w(5,4,3)=(3,4,5).

Alternatlvely, (Boc) (5, y,2)=Bzy,x)=p+x,x+zz+y),so(Pa)(1,2,3)=(3,4,5),and
(aB) x,y,z2)=o(y+zz+x,x+y)=C+y,z+x,y+z),s0 (ap)(1,2,3)=(3,4,5).

[Note that in general multiplication (or composition) of maps does not commute, although in this
. particular case it does!]

> Maple Solution




